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Abstract 
Let $ be a symmetric function defined from N x N into N, where N denotes the nonnegative 
integers. G = (I/, E) is a @tolerance competition graph if there is a directed graph D = (V, A) 
and an assignment of a nonnegative integer ti to each vertex vi E V such that, for i # j, 
uivj E E(G) if and only if 1 O(oi)nO(uj)l 2 4(ti, tj), where O(x) = {y: xy E A}. A two-&tolerance 
competition graph is a &tolerance competition graph in which all the ti are selected from 
a 2-set. Characterizations of such graphs, and relationships between them, are presented for 
4 equal to the minimum, maximum, and sum functions, with emphasis on the situation in which 
the 2-set is {0, q). 
1. Introduction 
In [l] the concept of a $-tolerance competition graph was introduced as a natural 
extension to p-competition graphs [7] which were, in turn, generalizations of competi- 
tion graphs [2-6, S-101. We review some of the earlier terminology. A p-edge clique 
cover (p-ECC) of graph G is a collection of subsets S1, S2, . . , Sk of V(G) such that 
my E E(G) if and only if there exist p of the sets Si that contain both x and y. The 
smallest value of k for which a p-ECC exists is called the p-edge clique cover number of 
G and is denoted by @(G). f3: is the familiar edge clique cover number. This invariant 
is related to the p-competition graph of a digraph, in which there is an edge uv if and 
only if u and v have at least p common out neighbors in the digraph. Kim et al. [7] 
show that G is a p-competition graph if and only if 0{(G) < 1 I/ I. Now let 4 be 
a symmetric function defined from N x N into kI, where N represents the nonnegative 
integers, and let T = (tI , t2, . , t.) be an n-tuple of (not necessarily distinct) non- 
negative integers. A &T-edge clique cover ($-T-ECC) of a graph G = (V, E) on 
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n vertices v1 , v2, . . . , v, is a collection of subsets Si of V, 1 d i d k, such that v,v, E E if 
and only if at least 4(tl, t,) of the sets Si contain both v, and vs. In this situation we say 
the edge u,v, is generated by the sets Si. The size of a smallest 4-T-ECC of G taken 
over all vectors T is the &T-edge clique cover number and is denoted B,,,(G). Here we 
will restrict 4 to be one of the three functions minimum (min), maximum (max), and 
sum. The ti will be referred to as tolerunces. A graph G = (V, E) is a &tolerance 
competition graph if there is a digraph D = (V, A) such that each vertex Ui E I/ can be 
assigned a nonnegative integer ti such that ViVj E E(G) if and only if IO( 
O(vj)l > ~(ti, tj), where O(V) is the set of out neighbors of V. It is shown in [l] that 
G = (V, E) is a @-tolerance competition graph if and only if B,(G) d 1 VI. 
In [l], 4 was restricted to the natural functions minimum (min), maximum (max), 
and sum, but even then results were sparse. We now consider the situation where the 
admissible set of tolerances is severely curtailed. A two-+-tolerance competition graph 
G = (V, E) is a &tolerance competition graph in which the tolerances are selected 
from a set {p, q}. We shall designate such graphs as {p, q}-&tolerance competition 
graphs. Notice that a { p,p}-min-tolerance competition graph, a {p, p}-max-tolerance 
competition graph, and a p-competition graph are all the same concept. 
Sections 2 and 3 treat the simple case when p = 0. Section 2 presents characteriza- 
tion theorems and Section 3 further restricts the tolerances to (0, l}. Section 4 gives 
a general result when 4 = max. 
2. Characterizations of { 0, q}+tolerance competition graphs 
In this section we insist that one of the two tolerances allowed be 0. This restriction 
allows reasonable characterizations of such graphs. 
Theorem 1. A graph G oforder n is a 10, q}-min-tolerance competition graph ifand only 
if @(G - M) d n, where M is the set of vertices of degree n - 1. 
Proof. Suppose G is a (0, q}-min-tolerance competition graph and let S1 , SZ, . . . , S, be 
the sets of a min-T-ECC, some of which may be repeated or empty. No vertex of 
M need have tolerance q, so all such tolerances equal to q can be changed to 0 and the 
vertices of M removed from all Si. The edges not generated by the vertices of tolerance 
0 are precisely those of G - M, and S1 - M, S2 - M, . . . , S, - M is a q-ECC of 
G - M. Now assume @(G - M) d n and let Si, SZ, . . . , S, be the q-ECC. Set the 
tolerance of all vertices of M to 0 and of G - M to q. Then Si, SZ, , S, is 
a {O,q}-min-T-ECC of G. 0 
When G - M has no isolated vertices, the above theorem can be simplified so that 
the characterization states that G is a q-competition graph. 
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Theorem 2. Let G be a graph of order n, let M be the set of its vertices of degree n - 1, 
and suppose G - M has no isolated vertices. Then G is a (0, q}-min-tolerance competi- 
tion graph if and only if G is a q-competition graph. 
Proof. Sufficiency is obvious. Suppose G is a (0, q}- min-tolerance competition graph. 
By Theorem 1, @(G - M) d n. Now every complete subgraph of G - M becomes 
a complete subgraph of G by including all vertices of M. Thus replacing the sets Si of 
a q-ECC of G - M by SLUM produces a q-ECC of G, implying G is a q-competition 
graph. Note that all edges from M are generated in this manner since G - M has no 
isolated vertices. 0 
The characterization of (0, q}-min-tolerance competition graphs is the simplest for 
the three functions $J under consideration. The next theorem deals with (0, q}-max- 
tolerance competition graphs and is a bit more complex. 
Theorem 3. A graph G of order n is a (0, q}-max-tolerance competition graph ifand only 
if G contains a complete subgraph C which has an edge subset E’ c E(C) such that 
gj[G -(E(C) - E’)] d n. 
Proof. Suppose G is a (0, q}-max-tolerance competition graph with a max-T-ECC 
consisting of the sets Sr , SZ, . . . , S,. The vertices with tolerance 0 induce a complete 
subgraph C so the Si’s are necessary only to generate the remaining edges, each of 
which has at least one end vertex with tolerance q. Thus the T-ECC generates the 
edges of G - E(C), and possibly some edges E’ of C, by forming q-intersections. That 
is, the T-ECC is a q-ECC of G - (E(C) - E’). For the converse, let Si, SZ, . . , S, be 
a q-ECC of G - (E(C) - E’). Set the tolerance of the vertices of C to 0 and those of 
G - C to q. It is easy to see that the q-ECC is now a max-T-ECC of G. 0 
Corollary 1. Zf B:(G) > n + q + 1, then G is not a (0, q}-max-tolerance competition 
graph. 
Proof. At most q sets are required to generate the complete subgraph C of the 
theorem, so @[G - (E(C) - E’)] b n + 1 for any C. Cl 
If q = 1, the above corollary says G is not a (0, 1}-max-tolerance ompetition graph 
if 0: (G) > n + 2. The next results shows, for this special case, that this condition is 
necessary as well as sufficient. 
Theorem 4. A graph G of order n is a {0, 1}-max-tolerance competition graph ifand only 
if O:(G) < n + 1. 
Proof. Suppose G is a (0, 1}-max-tolerance competition graph. The vertices having 
tolerance of 0 form a complete subgraph C. The max-T-ECC of size at most n must 
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generate the rest of the edges, possibly including some edges of C, using only 
tolerances of 1. This can be turned into a l-ECC of size at most IZ + 1 by including an 
additional set composed of the vertices of C. Conversely, consider the at most II + 1 
sets of a l-ECC and eliminate one of them. Assign a tolerance of 0 to all vertices in this 
eliminated set and tolerance 1 to all others. 0 
Since O,‘(K,,,) = 6, we have the following corollary to Theorem 4. 
Corollary 2. K2,3 is a (0, l}-max-tolerance competition graph. 
The graph K2, 3 is a not a competition graph since 0: (G) = 6 = n + 1 > n. It is easy 
to see, using Theorem 4, that this is characteristic of all (0, 1}-max-tolerance ompeti- 
tion graphs which are not competition graphs, as is stated in the next corollary. 
Corollary 3. G is a (0, 1}-max-tolerance competition graph which is not a competition 
graph ifand only ift3f(G) = n + 1. 
Finally, we examine (0, q}-sum-tolerance ompetition graphs. The characterization 
of these graphs is the most complex of the three functions 4 considered here. It will be 
convenient o employ the symbol (W) to represent he subgraph induced by subset 
W of the vertex set. 
Theorem 5. A graph G of order n is a (0, q)-sum-tolerance competition graph ifand only 
if V(G) can be partitioned into sets C and F such that 
(i) C induces a complete subgraph, and 
(ii) there is a 2q-ECC of(F) of size at most n which is also a q-ECC of the subgraph 
induced by C’uF’vE’for some C’ c E((C)) and F’ s E((F)), where E’ is the set of 
edges joining (C) and (F). 
Proof. If G is a (0, q}-sum-tolerance competition graph, the vertices with tolerance 
0 induce a complete subgraph C. Thus, because the function 4 is sum, the sets of the 
(0, q}-sum-ECC must include a 2q-ECC of (F), where F is the collection of vertices 
having tolerance q. However, these same sets must generate the edges E’ between (C) 
and (F). This requires a q-ECC, which might also generate some edges C’ of (C) and 
some edges F’ of(F). The converse is achieved by assigning tolerance 0 to the vertices 
of C and tolerance q to those of F. 0 
3. (0, l}-&tolerance competition graphs 
In this section we look at (0, l}+tolerance competition graphs and raise an open 
question. Let m be the set of (0, I}-min-tolerance competition graphs and m’ the set of 
graphs which are not (0, 1}-min-tolerance competition graphs. Similarly define M and 
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Fig. 2. 
M’ for the case C#J = max, and S and S’ for the case 4 = sum. We show that, with one 
exception, the intersection of any two of these six sets (where the two are not m and m’, 
M and M’, or S and S’) is nonempty. The exception is mnS’ and is the source of the 
open question. We shall reference the following graphs. 
(1) K, is a member of m, M, and S since all tolerances can be set to 0. 
(2) K3,3 is a member of m’, M’, and S’ from [l] and Theorems 2 and 4 since 
O,‘(K,,,) = 9 > 7. 
(3) K2,3 is a member of m’ by Theorem 2. It is in M by Theorem 4. It is in S’ by 
a lengthy multicase analysis. 
(4) H1 (shown in Fig. 1) is a member of m’ and M by Theorems 2 and 4 since 
H,‘(H,) = 7. HI is a member of S, as the following sets show with t(1) = t(2) = 0 and 
all other tolerances 1: S1 = { 1,3,4}, Sz = (2,5}, S3 = {3,5,6), S4 = {3,5}, S, = (4,5, 
6}, and S6 = 14, 5). 
(5) Hz (see Fig. 2) is a member of m by Theorem 1 since B,‘(G - 1) = 9. H2 is 
a member of M’ by Theorem 4 since e,‘(G) = 11. H2 is a member of S, as the following 
sets show with t( 1) = t(4) = t(5) = 0 and all other tolerances 1: Si = { 1,2,3,6,7,8,9), 
Sz = {4,7}, S3 = {5,6}, S4 = {8,9}, S5 = (7, g>, Se = {6,7}, S, = {6,9}, Ss = {5, g}, 
and Sg = (4, 9}. 
The previously mentioned intersection results can now be shown. To accomplish 
this, notice K3,3 is a member of m’nM’, m’nS’, and M’nS’. Similarly, K2,3 is 
contained in m’nM and MnS’ while K, is a member of mnM, mnS, and MnS. 
Finally, H, is in m’nS and H2 is contained in mnM’ and M’nS. We have been unable 
to find any graphs in mnS’ nor have we been able to prove this intersection is empty. 
4. The general case for +=max 
We now develop a general result when 4 = max. Let N[S] be the closed neighbor- 
hood of S, that is, the union of S with the set of all vertices v E V that are adjacent o at 
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least one vertex s E S. Furthermore, let B4 ‘p,q’(G) be the size of a smallest 4-T-ECC 
using only p and q as tolerances. Furthermore, for any (not necessarily induced) 
subgraph H of G, let g!(H) be the size of a smallest collection of sets S, , S2, . . . , Sk such 
that there exists a subset E’ of E(( V(H))) for which the sets form a p-ECC of HUE’. 
We can now find a lower bound on 0,,X kqi (G) in terms of standard p- and q-edge clique 
covers. 
Theorem 6. Let G = (V, E) and 9’ = {P = {VI, V2}: P is a partition of V}. Then, 
for 0 < p < q, f3E;,“ax”’ > min ,,,max{@((J”~)), &XWWJ> - E((J”I))I). 
Proof. In a minimum {p, q}-max-T-ECC of G, let I/, be the vertices with tolerance 
p and V, those with tolerance q. Notice that a p-ECC of (I/, ) is all that is required to 
cover the edges of ( V1 ), so a {p, q}-max-T-ECC must include a p-ECC of ( V1 ). All 
other edges are in (N[V,]) and all of them, except for those in E(( I/, )), must still be 
covered. Any such edge xy has at least one end vertex in V,, so x and y must be in at 
least q common sets, implying a q-ECC. However, an edge of E(( V, )) may be covered 
more than once. This shows that a (p, q}-max-T-ECC must include a q-ECC of 
I(N[V,]) -E((V,)]uE’, WhereE’isasubset ofE((N[V,])). Since this particular 
partition of V yields a minimum {p, q}-max-T-ECC, a lower bound for @,!$n”a,’ is 
obtained by minimizing the computation over all partitions. 0 
Theorem 6 can be extended in a straightforward manner to the case where k distinct 
tolerances are allowed, as indicated in the next result where the modified notation is -- 
clear. 
Theorem 7. Let G = (V,E) and 9 = {P = {VI, I/,, . . . . I/k}: P is a partition of 
V>. Then, for 0 < p1 < p2 < ... < pk,B~~~Pi”“‘Pi’ 2 minpslpmaxl <i,k{Bf[(N[Vi] 
- Ujzi’j> -E((Uj<i’j>)lI. 
In [l] it is demonstrated that K 2,3 is a max-tolerance competition graph. Using 
a laborious and not particularly instructive case by case analysis, it can be shown that 
K2, 3 is not a {p, q}-max-tolerance competition graph for 1 d p < q. However, K2. 3 is 
both a (0, l}- and {0,2}- max-tolerance competition graph, the first being true by 
Corollary 2 and the second by employing Fig. 3 with the tolerance assignments: 
a b c 
Fig. 3. 
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t(a) = t(x) = 0, t(b) = t(c) = t(y) = 2; and the sets: S1 = {x, b}, SZ = (x, c}, S3 = 
(x,y,b,c}> f34 = {w,b}, and S5 = (y,u,c}. On the other hand, K2,3 is not 
a (O,q}-max-tolerance competition graph for q > 2 since, using the notation of the 
figure, at least two of a, b, and c must have nonzero tolerance and so must be in at least 
q + 1 sets of a (0, q}-max-T-ECC in order to be adjacent to both x and y, 
which implies they must overlap in at least q sets and be adjacent to each other, 
a contradiction. 
It is interesting to note that there are {p, q}-max-tolerance competition graphs 
which are neither p- nor q-competition graphs. K 2,6 is an example. It is a { 1,2}-max- 
tolerance competition graph as can be seen by labeling the vertices of one bipartition 
with a and b and the vertices of the other bipartition with 1,2,3,4, 5 and 6; using the 
tolerance assignments t(u) = t(b) = t(l) = t(2) = t(3) = t(4) = 1, t(5) = t(6) = 2; and 
defining the sets by S1 = {a, 1,5}, S2 = {u,2,5}, S, = {u,3,6}, S4 = {a,4,63, 
Sg={b,1,6}, &={b,2,6}, S,={b,3,5), and Ss= {b,4,5}. However, K2,6 is not 
a l-competition graph since Sk(K2,6) = 12 > 1 VI = 8 and it is not a %-competition 
graph by a result of Isaak et al. [6]. Of course, such a situation occurs because of the 
increased flexibility one has in assigning tolerances when more than one tolerance is 
allowed. Unfortunately, it is this same flexibility which makes analysis so difficult, 
particularly in showing a graph is not a max- (or, in general, a &) tolerance 
competition graph. The number of possible cases which must be examined grows 
rapidly with the order of the graph. 
5. Concluding remarks 
The study of competition graphs and their increasingly complicated generalizations 
has produced corresponding difficulties in obtaining results. The &tolerance competi- 
tion graphs represent he most complex structure so far. By restricting the tolerances 
allowed to two, it has been possible to obtain some workable results, and hopefully 
further research will expand these. At the moment, only tedious case arguments eem 
to work when tolerances are unrestricted, and much work remains to develop more 
sophisticated techniques. 
An interesting open question which has arisen as a result of this study is whether 
there are any graphs which are (0, 1}-min-tolerance competition graphs but are not 
{0, 1}-sum-tolerance competition graphs. 
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